theorems, as well as the Ehrenpreis-Malgrange theorem which asserts that over-determined constant coefficient linear differential operators are locally solvable. Moreover, we give a unified treatment in terms of pseudo-complex structures (also called C7?-structures) of the counterexamples of GuilleminSternberg [16] and Conn [4] to the solvability of the integrability problem.
1. The integrability problem for (/-structures. We begin by considering the following problems:
(a) Let X be the Riemannian manifold R" with the Euclidean metric and X' be an /i-dimensional Riemannian manifold. Find local isometries ƒ: X->X'.
(b) Let X be the symplectic manifold R 2 ", with coordinates (x l 9 ..., x n 9 y l 9 ... 9 y n ) and the standard symplectic form a = dx x A dy l + • • • + dx n A dy n -If X' is a 2/2-dimensional symplectic manifold, that is, a manifold endowed with a 2-form a' of maximal rank, find local diffeomorphisms ƒ: X -» X' such that J* o' » a.
(c) Let X' be a 2/i-dimensional almost-complex manifold. Find local diffeomorphisms ƒ: C -> X' such that the almost-complex structure on X' is that induced by ƒ from that of C 1 . (d) Let X' be an w-dimensional manifold together with a distribution F' of rank k 9 that is, a subbundle of the tangent bundle of X' of rank k. Let X = R n and consider the projection p: X-*R n~k sending (x l 9 ..., In all these problems, in order for a local diffeomorphism ƒ: X -* X' defined on a neighborhood of JC 6 I to satisfy the corresponding condition, the Taylor series of ƒ at JC must verify an algebraic relation. The existence of such Taylor series imposes a formal integrability condition on the structure on X'. In each of the above problems, this necessary condition for the existence of the diffeomorphisms ƒ is in fact also sufficient according to various well-known results. We now examine each problem separately.
(a) The formal integrability condition is equivalent to the vanishing of the curvature of the Riemannian manifold X'. If this curvature vanishes, then existence theorems for differential equations give us the desired diffeomorphisms.
(b) The necessary condition is da' = 0. If a' is closed, then the existence of the diffeomorphisms is a consequence of Darboux's theorem.
(c) The condition in this case is the formal integrability of the almost-complex structure on X'. The Newlander-Nirenberg theorem asserts that such a structure is in fact a complex structure.
(d) That the space of sections of V' be stable under the Lie bracket is the formal integrability condition for V'. Frobenius' theorem then says that, under that assumption, V' is a foliation and thus gives us the desired diffeomorphisms.
We proceed to give a unifying viewpoint for these various problems. First, we define the notion of a pseudogroup. If G = Gl(/2, Q, considered as a subgroup of Gl(2«, R), then T G is the set of all biholomorphic mappings of C n and therefore consists of all diffeomorphisms preserving the almost-complex structure of C n . If G is the subgroup Gl(«, k; R) of Gl(«, R) consisting of all matrices leaving invariant the fc-dimensional subspace of R" defined by x k+l = • • • * x n = 0, then T G is the pseudogroup of local diffeomorphisms preserving the foliation of R rt whose leaves are the fibers of the mapping p of problem (d).
We formulate the integrability problem for the pseudogroup T G . A G-structure o' on a manifold X' of dimension n is a reduction of the principal bundle of the tangent bundle of X' to the group G. Such a G-structure a' on X' is equivalent to the following data:
(i) an open covering { U a } aGA of X'\ (ii) on each open set U a (with a E A), a coframe co a = (<o<J,..., co") such that on U a n f/^ whereg a/8 :i/ a n t/^G.
We say that a coframe <o on an open subset V of X' belongs to the G-structure a' if o) = g a • w tt on F n £/ a , where g a : Fn U a ->G.
On R n , we have the standard G-structure consisting of the coframe a * (dx\ ..., dx n ). A G-structure a' on X' is said to be integrable if, for every *ó £ ^', there is a local diffeomorphism/: U-*X' defined on a neighborhood U of 0 in R n such that ƒ (0) = x' 0 and a mapping g: U-*G satisfying ƒ*<*> = g • a,
where <o is a coframe belonging to the G-structure a' on V = ƒ(£/) If/: £/-* A'' is a local diffeomorphism defined on an open subset U of R" satisfying equation (1) for some G-valued function g on U and some coframe o) belonging to the G-structure a'onK = f(U), and if <p: K->R' 1 is a local diffeomorphism satisfying (2) for some G-valued function h on V, then it is easily seen that <p <> ƒ belongs to the pseudogroup T G . Thus the integrability of a G-structure implies the existence of coordinates for the structure, that is, of an atlas whose coordinate transformations belong to T G .
The problems (a)-(d) considered at the beginning of this section are the integrability problems for G-structures, with G =«= O (ri), Sp(«, R), Gl(«, Q and Gl(n, k; R) respectively. As in these problems, for a G-structure & on X' to be integrable, it must necessarily satisfy a formal integrability condition: for each x' 0 e X\ there is a coframe <o belonging to the G-structure & on a neighborhood of JCÓ, a local diffeomorphism ƒ: R n -» A^ and a mapping g: R" -» G defined on a neighborhood of 0 in R n such that /(O) ~ *ó anc * (1) holds to infinite order at 0. The integrability problem for G-structures, or for the pseudogroup T c , is to show that every formally integrable G-structure is integrable. As we have already mentioned, the problem is solved when G is one of the four groups considered above. In the remainder of this paper, we present a solution of a generalization of this integrability problem.
2.
The integrability problem for pseudogroups. Let T be a Lie pseudogroup acting on an w-dimensional manifold X. It is easily seen that the sheaf of infinitesimal transformations of I\ that is, of vector fields 0 on X for which exp tO belongs to T for all small t 9 is stable under the Lie bracket. Let P: S -» 9 be a differential operator of order fc associated to R k . According to [6] there exist a vector bundle G and a differential operator Q: 9 -> S of order / associated to a formally integrable differential equation of order I in G such that
S-^S^S
(4) is a formally exact complex in the sense that the sequences
Moreover the cohomology of the complex (4) depends only on R k and is isomorphic to the cohomology H l (R k ) m^{ of the sequence (3) at ?T* ® %n~\ 9 for m> k + l. The operator g is the compatibility condition for P and expresses all the formal obstructions to solving the inhomogeneous equation Pis = ƒ with ƒ 6f. Therefore the cohomology
and is the obstruction to the local solvability of the differential operator P; it is called the first (linear) Spencer cohomology group of R k (see [7] ).
We shall impose the condition on a differential equation [22] , [19] and [17] ).
If R k cJ k (T) is a Lie equation, then so is R k+i for all / > 0 and, for x E X, the subspace R^ x = proj lim R k + lyX of J^iT),, is a subalgebra. We now construct a nonlinear analogue of the complex (3). We consider the groupoid Q m of m-jets of local diffeomorphisms of A" as a bundle over X via the projection sending the rn-jetj m (f)(x) of a diffeomorphism ƒ at x E X into x. In §5 of 
is a nonlinear analogue of the initial portion of (3), with R k = J k (T). Let T be a Lie pseudogroup acting on X. Its infinitesimal transformations are the solutions of a Lie equation R k c J k (T) of order k; let / be the order of the differential operator Q obtained above from R k and a differential operator P associated to R k . The set of all m-jets of diffeomorphisms belonging to T is a subgroupoid and subbundle P m of Q m , for m > k; the m-jet I m (x) of the identity mapping of X at x belongs to P m for m > k. In fact, P k is an integrable and formally integrable finite form of the Lie equation R k in the sense of [12] , whose rth prolongation is P k+r . Finally, the restriction of the fundamental form co to P m +\ is /^-valued for m > k and so we obtain the subcomplex of (6) ^m +1^* ®& m ÎA 2 3"* $&",-,.
We are now able to state the integrabihty problem for the pseudogroup Y in terms of the sequence (7) 
This problem for the pseudogroup T G acting on R n is equivalent to the integrabihty problem posed in §1. For an arbitrary pseudogroup T, the solvability of this problem is in fact independent of the choice of the integer m > k + / -1. The element u corresponds to a germ of a "structure associated to F' and the equation (8) expresses the integrabihty of this structure. The relation ^D, u = 0 is the formal integrability condition for this structure and for the local solvability of (8).
To any Lie equation R k cJ k (T) of order k corresponds a formally integrable finite form P k c Q k and its prolongations P k + r c Q k + r We may pose the integrability problem for R k , as we did for r, in terms of the prolongations of P k ; its solvability depends only on R k and not on the choice of P k . In particular, the integrability problem for the pseudogroup T depends only on the Lie equation for its infinitesimal transformations. In [12] , we associate to a Lie equation R k cJ k (T) a nonlinear Spencer cohomology H X (R^) X , for each x E X, which is a set with distinguished element 0; we say that it vanishes if it is equal to 0. The vanishing of H\R k ) x expresses that the integrability problem for R k is solvable atx E X. [12] establishes the key fact that under these conditions on T the nonlinear cohomology of R k is isomorphic to that defined in terms of p-projectable sections; the solvability of equation (8) is equivalent to that of the same equation when u is p-projectable as defined in §4 of [12] . This theorem determines a mapping p:H\R k ) x^H '{RQ p(x) , for x E X, which enables us to compare the integrability problems for R k and R£ and to construct the exact sequences of nonlinear cohomology of §9 of (C) Finally, using <j> we modify the u given by step (A) so that it becomes essentially p-projectable.
This theorem was stated for transitive pseudogroups in a different framework by Pollack [21] and Molino [20] . These authors carried out the analogue of step (A). However the result does not follow directly from (A); the following steps (B) and (C) are in fact the essential ones-a point which apparently had been overlooked. We next consider a nonabelian minimal closed ideal ƒ of a transitive Lie algebra L. According to [14] , I possesses a unique maximal closed ideal / of L Then R * I/J is a simple transitive Lie algebra, i.e., it possesses no nontrivial ideals. Moreover, the commutator ring K R of R (i.c., the algebra of all linear mappings R-+R which commute with all the mappings ad£: R-+R with £ E R) is equal to R or C, and we say that I is of real or complex type according to whether K R is R or C. The infinite simple transitive Lie algebras are classified.
The structure theorem of Guillemin [14] gives us an isomorphism of Lie algebras In particular, the integrability problem is solvable for "flat" pseudogroups (see [15] ). Since the pseudogroups T G of §1 acting on R" contain all translations, Theorem 10 implies that the integrability problem for G-structures is solvable.
We 
